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We obtain a generalization of a local version of the Gauss-Bonnet-Chen theorem for man-
ifolds with boundary. The above theorem is proved by only calculating the main term of the
fundamental solution, if we introduce a new weight of symbols of pseudo-differential operators.
§ 1. Introduction
In this paper we give, by means of symbolic calculus of pseudo-differential operators,
an extension theorem of a local version of the Gauss-Bonnet-Chern theorem on manifolds
with boundary given in C.Iwasaki [11].
Let M be a Riemannian manifold and let χ(M) be the Euler characteristic of M .
Let dv and dσ be a volume element of M and a surface element of its boundary ∂M
respectively. The Gauss-Bonnet-Chern theorem which was proved by S.Chern [2] , [3]
is stated as follows: This theorem means that topological quantity can be represented
by the geometric quantities.
The Gauss-Bonnet-Chern Theorem
Let M be a Riemannian manifold of dimension n.
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The precise definitions of Cn(x,M) and Dn−1(x) are given in Section 3 and Section 5












(−1)p trep(t, x, x)dv,
where ep(t, x, y) denotes the kernel of the fundamental solution Ep(t) for the heat equa-
tion for ∆p on differential p-forms A
p(M) = Γ(∧pT ∗(M)) and tr ep(t, x, x) means the
trace of operator ep(t, x, x) on ∧pT ∗x (M).





ep(t, x, y)ϕ(y)dvy, ϕ ∈ Ap(M)




+ ∆p)Ep(t) = 0 in (0, T )×M,
Ep(0) = I in M.





+ ∆p)Ep(t) = 0 in (0, T )×M,
BpEp(t) = 0 on (0, T )× ∂M,
Ep(0) = I in M,
with some boundary operator Bp (See Section 4 ).





(−1)p trep(t, x, x) = Cn(x,M) + 0(
√
t)
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as t tends to 0.




(−1)p trep(t, x, x) = 2Dn−1(x) 1√
t
+ O(1) as t→ 0
in [11]. The author has shown a way to constructing the fundamental solution of which
the main term is enough to show (1.2) and (1.3). It is constructed by technique of
pseudodifferential operators of new weights on symbols.
In this paper, a genaralization of a local version of the Gauss-Bonnet-Chern theorem
on manifolds with boundary is obtained. Before stating our theorems, we introduce some
notations.
We denote I and I0 the set of index
I = {I = (i1, i2, · · · , ir) : 0 ≤ r ≤ n, 1 ≤ i1 < · · · < ir ≤ n},











In the rest of this paper fix an integer ` such that 0 ≤ ` ≤ n.
Theorem 1.1 (Main Theorem). Let M be a Riemannian manifold of dimension
n with boundary and let Ep(t) be the fundamental solution on Γ(∧pT ∗(M)). Suppose
that fp are constants with arbitrary constants {kj}j=`+1,··· ,n as follows:












(0 ≤ p ≤ n).
(1) If x ∈M\∂M , we have
n∑
p=0
fp trep(t, x, x) = C`(x)t






2 ) as t→ 0,
where C`(x) is given in Definition 3.3.
(2) If x ∈ ∂M , we have
n∑
p=0








2 ) as t→ 0,
136 Chisato Iwasaki


























as t→ 0 for any ψ(x) ∈ C∞(M).
Remark. Assume ` = n. Then fp = (−1)p for all p of (1.4). So statements (1)
and (2) of Main Theorem are a local version of the Gauss-Bonnet-Chern theorem which
was proved in [11]. The statement (3) is the Gauss-Bonnet-Chern theorem.
Remark. If M has no boundary, D`−1 vanishes. So (1) of Main Theorem has
been obtained in C.Iwasaki [12].





(0 ≤ p ≤ `), fp =
0(` + 1 ≤ p ≤ n). In this case, under the assumption M has no boundary, (1) of the
Main theorem coincides with the result given in [5].
Since Bp is a coercive boundary operator for ∆p, it is well-known that ep(t, x, y) is
regular for either x 6= y or t > 0. On the diagonal set, ep(t, x, y) has singularity with
respect to t as follows:
ep(t, x, x) ∼ c0(x)t−n2 + c1(x)t−n2 + 12 + · · ·+ · · · t→ 0.
In [11] it is proved that the singularity of
∑n
p=0(−1)ptr ep(t, x, x) at any point x in
M\∂M vanishes by an algebraic theorem on linear spaces stated in H.L.Cycon-R.G.Froese-
W.Kirsch-B.Simon [4]. This theorem of the form suitable for our discussion is given in
Section 2 in this paper.
Our point is that one can prove Main Theorem by only calculating the main term
of the symbol of the fundamental solution, introducing a new weight of symbols of
pseudodifferential operators.
The plan of this papaer is as follows. In section 2 we review some algebraic theo-
rems, which are proved in [12]. In section 3 the asymptotic expansion of the fundamental
solution for the Cauchy problem is discussed. This argument is similar to one of [12].
Our boundary operator Bp will be explained in section 4. See [11] for the detailed
argument. Section 5 is devoted to the sketch of a proof of (2) and (3) of Main Theorem.
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§ 2. Algebraic properties for the calculation of the trace
Let V be a vector space of dimension n with an inner product and let ∧p(V ) be
its anti-symmetric p tensors. Set ∧∗(V ) = ∑np=0 ∧p(V ). Fix an orthonormal basis
{v1, · · · , vn} of V . Let a∗i be a linear transformation on ∧∗(V ) defined by a∗i v = vi ∧ v
and let ai be the adjoint operator of a
∗
i on ∧∗(V ).
We note that {a∗i , aj}1≤i,j≤n satisfy the following relations.












jai = δij .
Definition 2.1. Set
βφ = 1, βj = a
∗
jaj − aja∗j for 1 ≤ j ≤ n
and
βI = βi1 · · ·βik for I = (i1, · · · , ik) ∈ I.
Let Ψp be the projection of ∧∗(V ) on ∧p(V ) and let Γ0 = 1, Γk =
∑
I∈I,](I)=k βI .
The following assertion is essentially due to [15].
Proposition 2.2. We have for any I = (i1, · · · , ik) ∈ I the following asser-
tions:
(1)If p < k, then
tr[βIaj1aj2 · · ·ajpa∗h1a∗h2 · · ·a∗hp ] = 0.
(2)Suppose p = k and {j1, j2, · · · , jk} 6= {i1, i2, · · · , ik} or {h1, h2, · · · , hk}
6= {i1, i2, · · · , ik}. Then
tr[βIaj1aj2 · · ·ajpa∗h1a∗h2 · · ·a∗hp ] = 0.







aiσ(2) · · ·a∗ipi(k)aiσ(k) ] = 2n−ksign(pi)sign(σ).
The following theorem is the key algebraic argument of this paper.














with any constants kj (`+ 1 ≤ j ≤ n). Then the following equation holds
n∑
q=0



























holds if and only if
fp = (−1)p for any p.









(−1)p(n−pn−`), (0 ≤ p ≤ `);
0, (`+ 1 ≤ p ≤ n).













; (n− ` ≤ p ≤ n).
§ 3. The proof of statement (1) of Main Theorem
We give a rough review of a proof of the statement of (1) of Main Theorem. This
argument is similar to that of [12].
Let M be a smooth Riemannian manifold of dimension n with a Riemannian metric
g. Let X1, X2, · · · , Xn be a local orthonormal frame of T (M) in a local patch U . And let
ω1, ω2, · · · , ωn be its dual frame. The differential d and its dual ϑ acting on Γ(∧pT ∗(M))
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where we use the following notations.
Notations.
e(ωj)ω = ωj ∧ ω, ı(Xj)ω(Y1, · · · , Yp−1) = ω(Xj, Y1, · · · , Yp−1).
The Laplacian ∆ = dϑ+ ϑd on
∑n
















cki,jXk, R(Xi, Xj)Xk =
n∑
m=1
RmkijXm 1 ≤ i, j, k,m ≤ n.
We use the following notations in the rest of this paper:
a∗j = e(ω∗), ak = ι(Xk).
aI = ai1ai2 · · ·aip , a∗I = a∗ip · · ·a∗i1 ,
ωI = ωi1 ∧ ωi2 ∧ · · · ∧ ωip for I = (i1, i2, · · · , ip) ∈ I.
We note that the coefficients cki,j satisfy




because of the fact that our connection is the Riemannian connection. By the above
notations we have for ϕJω
J ∈ A∗(M)

















Then we have the representation of ∆ in a local chart U

















on A∗(M). Here I is the identity operator on ∧∗(T ∗(M)).
Take a local coordinate {x1, · · · , xn} of U . Let {ξ1, · · · , ξn} be its dual coordinate.
A = (Aij) denotes a matrix whose elements are Aij = a∗i aj 1 ≤ i, j ≤ n.
Definition 3.1. A subset Km of Sm1,0 is given byK
m = {p(x, ξ : A); polynomials
with respect to ξ and Ai,j , (i, j = 1, 2, · · · , n) of order m with coefficients in B(Rn)}.
We define a pseudo-differential operator P = p(x,D : A) acting on A∗(M) of a symbol
σ(P ) = p(x, ξ : A) = ∑I,J pI,J (x, ξ)a∗IaJ ∈ Km as follows.




















kam and r1 ∈ K1
It is clear that r2 belongs to K
2.
If we review the results in [11], we see the following facts. The above representation
of ∆ signifies that the fundamental solutionEp(t)(ep(t, x, y)) have a common represen-
tation for any p. So we use E(t)(e(t, x, y)). In our notation, Ep(t) = ΨpE(t). It
is sufficient to construct an asymptotic solution for the fundamental solution locally
because we can reduce constructing the fundamental solution to solving an integral
equation on the manifold M of Volterra type. Our fundamental solution is of the form
E(t) = U(t) + V (t),
where U(t) is the fundamental solution for the Cauchy problem and V (t) is smooth with
respect t off the boundary. See details in Section 5 .





+ ∆)U(t) = 0 in (0, T )×Rn,
lim
t→0
U(t) = I in Rn.




u(t, x, y)ϕ(y)dvy, ϕ ∈ A∗(M)
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where uj(t, x,D) are pseudodifferential operators with parameter t. The following fact
is obtained in p.255 of [11]. The main part of U(t) is obtained as a pseudo-differential
operator with symbol u0(t, x, ξ) := e
−r2t. So we have














































m+1), if r = 2m ;
0(t
r+1
2 ), if r is odd.
We have the following proposition for the terms of the right hand side of the above
equation.





×Ripi(1)ipi(2)iσ(1)iσ(2) · · ·Ripi(r−1)ipi(r)iσ(r−1)iσ(r) .




fpΨpu(t, x, x)) = (−1)`2`−n
∑
I∈I,](I)=`




αptr (Γpu(t, x, x)).




fpΨpu(t, x, x)) = C`(x,M)t






2 ) x ∈M
with C`(x,M) given by
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Definition 3.3.
(1-i) If ` is odd, then C`(x,M) = 0





















×Ripi(1)ipi(2)iσ(1)iσ(2) · · · · · ·Ripi(`−1)ipi(`)iσ(`−1)iσ(`)
for I = (i1, i2, · · · , i`) ∈ I.
§ 4. The construction of the fundamental solution with boundary
The main part of the construction of the fundamental solution or its asymptotics
lies in constructing that in a local chart (cf.C.Iwasaki [10]). So it is enough to show
a method of construction of the fundamental solution in Rn+. The study in [10] is
applicable for the construction of the fundamental solution for our initial-boundary
value problem . In this case we introduce the symbol class Js according to [11], as we
used Km instead of Sm1,0 in Section 3.
First of all, we write down the boundary operator Bp for A
p(M) in a local chart.
Take a local patch Ω near ∂M such that ∂M is defined by {ρ = 0} in Ω andM∩Ω ⊂ {ρ ≥
0}. Assume that ωn = cdρ with some function c on M . Note that Xj (1 ≤ j ≤ n− 1)
are tangential to ∂M .
Choose local coordinates {x1, · · · , xn} in Ω such that M ∩ Ω = {(x′, xn);x′ ∈
U , xn ≥ 0},Γ = ∂M ∩ Ω = {(x′, 0);x′ ∈ U} and Xn|Γ = ddxn .
The boundary condition is as follows:
ϕ ∈ Dom(ϑ), dϕ ∈ Dom(ϑ),
where




J : ϕJ |Γ = 0 if n ∈ J}.






(ϕ, ϑψ)dv, for any ϕ ∈ A∗(M).
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We can write our boundary condition in the following form:









− γ + b
with the following b and γ.
Definition 4.1. (1) Set











(2) Set P = a∗nan, Q = ana∗n = I − P.
Definition 4.2. For a pair (j, k) of integer j and nonpositive integer k we define
a function
v˜j,k(t, xn, yn; b, γ) = e
γ(xn−yn)w˜j,k(t, xn + yn; b),
with b and γ given in Definition 4.1, where {w˜j,k} are symbols defined in Definition 7














), if j ≥ 0,
















(−j − 1)! dσ, if j ≤ −1,
For k ≤ −1























)dσ, if j ≥ 0;
























(−k − 1)! dσ, if j ≤ −1,
where hj(σ) = {( ddσ )je−σ
2}eσ2 .
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Set r2|Γ = (ξn + iγ)2 + β(x′, ξ′ : A). Then we have







Definition 4.3. Js is the set of all finite sums of the functions of the following
form
g(t, xn, yn, x
′, ξ′ : A) = td(xn)pq(sx′, ξ′ : A)v˜j,k(t, xn, yn; b(x′ : A), γ(x′ : A))
× e−β(x′,ξ′:A)t
(d, p, j, k ∈ Z, d ≥ 0, p ≥ 0, k ≤ 0, q ∈ Km(Rn−1) with m = s+ 2d+ p− j − k).
For a symbol g(t, xn, yn, x
′, ξ′,A) ∈ Js we define an integral-pseudo-differential
operator G as follows:
(Gϕ)(t, x′, xn : A) =
∫ ∞
0
g(t, xn, yn, x
′, D′ : A)ϕ(·, yn)dyn.
So the kernel g˜ of operator G is given by




′−y′)•ξ′g(t, xn, yn, x′, ξ′ : A)dξ′.
By the argument of page 276 of [11] an asymptotic EN (t) of the fundamental
solution for the mixed problem is obtained of the form for any integer N
EN (t) = U0 + U1 + · · ·+ UN + V1 + V0 + · · ·+ V−N ,
where Uj = uj(t;x,D) are pseudo-differential operators given in (3.2) and Vj are integral
operators whose symbols vj(t, xn, yn, x
′, ξ′ : A) ∈ Jj.
Especially the symbol of operator V1 which is the main part of operator V (t) is
obtained as follows:
(4.3) v1(t, xn, yn, x
′, ξ′ : A) = 2Qv˜1,−1(t, xn, yn; b, γ)e−β(x
′,ξ′:A)t.
In the rest of this paper v˜j(t, x
′, xn, y′, yn : A) denotes the kernel of the integral
operator Vj , that is,
v˜j(t, x




′−y′)•ξ′vj(t, xn, yn, x′, ξ′ : A)dξ′.
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§ 5. The sketch of a proof of statement (2),(3) of Main Theorem
We will calculate tr (
∑n
p=0 fpΨpVj(t, x, x))(j ≤ 1). We prepare some lemmas and
the definition of D`−1(x).
Let Rˆ(W,Z,X, Y ) be the Riemannnian curvature tensors induced on ∂M .
We give the definition of D`−1(x) on x ∈ ∂M .
























×Rˆipi(1)ipi(2)iσ(1)iσ(2) · · · · · · Rˆipi(`−2)ipi(`−1)iσ(`−2)iσ(`−1)
for I = (i1, i2, · · · , i`−1) ∈ I0.





















×Rˆipi(1)ipi(2)iσ(1)iσ(2) · · · · · · Rˆipi(2k−1)ipi(2k)iσ(2k−1)iσ(2k)
×cnpi(2k+1),σ(2k+1)cnpi(2k+2),σ(2k+2) · · · · · · cnpi(`−1),σ(`−1)











is obtained as follows.
Lemma 5.2. Let gˆ be the Riemannain metric induced on ∂M .





′, 0, x′, 0)
)
= (−1)`2n−`+1t−n2 + `2− 12DI0(x′)
√










′, xn, x′, xn)
)
ψ(x′, xn)dxn
= (−1)`2n−`t−n2 + `2ψ(x′, 0)DI0(x′)
√


























′, xn, x′, xn)
)







The proof is omitted. Proposition 2.2, (4.2) and (4.3) are essential to give the proof.


















2 ),if xn = 0.




















Proof. By Theorem 2.3 and Lemma 5.2 we have the assertion.
In order to calculate the trace of
∑n
p=0 fpΨpVj (j = 0,−1,−2 · · · ,−N) we have
the following lemma which is obtained by the similar method to the above corollary.
Lemma 5.4. For any integer j ≤ 0 we have for any N
n∑
p=0
fptr(Ψpv˜j)(t, x, x) =







2− j2 ), if xn = 0.










2− j2+ 12 ).
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Proof of (2) and (3) of Main Theorem. If we study the asymptotic behavior of
the fundamental solution, it is sufficient to consider the fundamental solution locally by
an argument similar to that employed for the case M is closed, which was proved in
[11], for example. In a local patch we have
e(t, x, x)dv = u˜(t, x, x)dx+ v˜(t, x, x)dx,
u˜(t, x, y) =
√
det g(x)u(t, x, y),
where u(t, x, y) is obtained in Section 3.
By Corollary 5.3 and Lemma 5.4 we obtain


















2 ), if xn = 0.




















From the above lemma and
ep(t, x, x) = Ψp(u˜(t, x, x) + v˜(t, x, x))
1√
det g
it is easy to show for any N
n∑
p=0





fptr(Ψpu˜)(t, x, x) + 0(t




fptr(Ψpu)(t, x, x) + 0(t
N ) x ∈M\∂M,
=C`(x)t






2 ) x ∈M\∂M,
n∑
p=0



































So the proof is complete.
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